Transforming squeezed light into a large amplitude coherent state
  superposition by Nielsen, Anne E. B. & Mølmer, Klaus
ar
X
iv
:0
70
8.
19
56
v2
  [
qu
an
t-p
h]
  8
 O
ct 
20
14
Transforming squeezed light into a large amplitude coherent state superposition
Anne E. B. Nielsen and Klaus Mølmer
Lundbeck Foundation Theoretical Center for Quantum System Research,
Department of Physics and Astronomy, University of Aarhus, DK-8000 A˚rhus C, Denmark
A quantum superposition of two coherent states of light with small amplitude can be obtained by
subtracting a photon from a squeezed vacuum state. In experiments this preparation can be made
conditioned on the detection of a photon in the field from a squeezed light source. We propose and
analyze an extended measurement strategy which allows generation of high fidelity coherent state
superpositions with larger amplitude.
PACS numbers: 42.50.Dv, 03.65.Wj, 03.67.-a
I. INTRODUCTION
A Schro¨dinger cat state is a quantum superposition of
macroscopically distinguishable states, and in quantum
optics the term is traditionally used for superpositions of
different coherent states such as the even (+) and odd
(−) cat states
|ψ±cat〉 =
1√
2(1± e−2|α|2)
(|α〉 ± | − α〉) . (1)
The odd cat state populates only odd photon number
states, while the even cat state populates only even pho-
ton number states. A squeezed vacuum state, generated,
e.g., in a degenerate optical parametric oscillator (OPO),
is a superposition of even photon number states, and
it has been suggested [1] to generate approximate odd
cat states by subtracting a photon from such a state,
i.e., by applying the photon annihilation operator aˆ to a
squeezed vacuum. As discussed in Refs. [1–4] the result-
ing states are close to odd cat states when the cat size |α|
is small, because both the odd cat and the photon sub-
tracted squeezed vacuum state approach a single-photon
state in the limit of very small |α| and very little squeez-
ing, and for small amplitudes the degree of squeezing can
be adjusted such that the ratio between the n = 1 and
n = 3 number state components of the photon subtracted
field match the ratio of the odd cat state. If the scheme
is modified appropriately, it is also possible to approxi-
mately generate arbitrary superpositions of |α〉 and |−α〉
for small |α| as shown theoretically in Ref. [5].
Schro¨dinger cat states are interesting probes for quan-
tum mechanical behavior at the mesoscopic and macro-
scopic level, and they may be used to investigate the role
of decoherence in large systems. They have potential
applications for high precision probing, and in particu-
lar they are useful resource states in optical quantum
computing proposals which make use of linear optics and
photon counting [6]. The application in quantum com-
puting is particularly interesting, because the encoding
of qubits in coherent states (and the resulting need for
their superposition states, i.e., the cat states) only re-
quires relatively small coherent state amplitudes to be
sufficiently distinguishable by homodyne detection. For
more detailed discussions of single- and two-qubit mea-
surements in the coherent state and in the odd-even cat
state basis, see [6], where it also follows that resource
cat states with amplitudes of about |α| = √6 ≈ 2.45 or
larger are sufficient for quantum computing. Small cats
have been generated experimentally using the method
described above [7–10], but the theoretically obtainable
fidelity drops below 90%, when |α| exceeds 1.9, and other
means have to be applied to make larger cats with high
fidelity. It has thus been proposed to generate cats of
larger size by combining smaller cats on beam splitters
[11] or by amplifying cat states in an optical parametric
amplifier [12]. With a two-photon number state as input,
a recent experimental scheme for cat state preparation
conditioned on the outcome of homodyne detection was
demonstrated with |α| = √2.6 [13].
We suggest here an approach, which heralds the pro-
duction of larger cat states by a number of photo detec-
tion events. Dakna et al. [1] considered the states con-
ditioned on multiple photo detection events, and theory
[14] and experiments [15] have demonstrated the produc-
tion of two-photon states in a signal beam conditioned on
the detection of two idler photons from a nondegenerate
OPO. Here we shall combine the field from the degen-
erate OPO with a coherent state field prior to count-
ing of the photon numbers, as this allows us to effec-
tively produce states which are mathematically equiv-
alent to the result of applying operators of the form
OˆA =
∏A
i=1(aˆ − βi) to a squeezed vacuum state, where
βi, i = 1, . . . , A, are adjustable complex numbers. Re-
stricting the values of βi so that one vanishes and the
others occur in pairs ±β (for A odd), we can rewrite the
operator OˆA as Oˆ2k+1 =
(∏k
i=1
(
aˆ2 − β2i
))
aˆ, and the
resulting state is a superposition of odd photon number
states, but we now have k free complex parameters in
addition to the squeezing parameter, which may be cho-
sen to match more closely the number state amplitudes
to the ones of the odd cat state. Similarly, an approx-
imate even cat state may be produced by applying the
operator Oˆ2k =
∏k
i=1
(
aˆ2 − β2i
)
to a squeezed vacuum
state. Application of Oˆ2k+1 (Oˆ2k) involves annihilation
of 2k+1 (2k) photons and since the probability to obtain
each annihilation in a real experiment is small, we shall
mainly be concerned with the case k = 1 below. In Sec.
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2II we compute the cat state fidelities obtained for k = 1
and compare the results with the fidelities obtained for
k = 0. In Sec. III we discuss how the operator Oˆ2k+1
may be approximately realized experimentally, and Sec.
IV concludes the paper.
II. CAT STATE FIDELITY
We first determine the odd cat state fidelity for the
case of a single photo detection event (k = 0). The initial
single-mode squeezed vacuum state may be expressed in
the Fock state basis as [16]
|sq〉 = (1− r2)1/4
∞∑
n=0
√
(2n)!
22nn!2
rn|2n〉, (2)
where the squeezing parameter r, without loss of gen-
erality, is assumed to be real and nonnegative. The
variance of the squeezed quadrature component in |sq〉
is reduced by the factor (1 − r)/(1 + r) (i.e., by
−10 log10 ((1− r)/(1 + r)) dB) compared to the vacuum
value. The photon subtracted state is proportional to
aˆ|sq〉, and its overlap with an odd cat state is
F1 =
|〈ψ−cat|aˆ|sq〉|2
〈sq|aˆ†aˆ|sq〉 =
(1− r2)3/2|α|2erRe(α2)
sinh(|α|2) . (3)
For a given desired cat size |α|, the largest fidelity is
obtained for real α and
r = r1 ≡
√
9 + 4α4 − 3
2α2
. (4)
r1 and the corresponding maximized fidelity are plotted
as functions of α in Fig. 1. When the cat size increases,
the fidelity decreases and more squeezing is required. For
cat states with |α| > 1.9 the fidelity is below 0.9, and
annihilation of a single photon from a squeezed vacuum
state is thus not a suitable method to generate large cats
as stated in the Introduction.
Turning now to the case of annihilation of three pho-
tons (k = 1), we find the odd cat state fidelity
F3 =
|〈ψ−cat|(aˆ2 − β2)aˆ|sq〉|2
〈sq|aˆ†((aˆ†)2 − (β∗)2)(aˆ2 − β2)aˆ|sq〉
=
(3r + r2(α∗)2 − β2)(3r + r2α2 − (β∗)2)
|β|4 − 3(β2 + (β∗)2) r1−r2 + 9r
2
1−r2 +
15r4
(1−r2)2
(1 − r2)3/2|α|2erRe(α2)
sinh(|α|2) . (5)
Since we have assumed that r is real, it is optimal to
choose α real, and in this case the fidelity is maximized
for
r = r3 ≡
√(
5 +
√
10
)2
+ 4α4 − (5 +√10)
2α2
(6)
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FIG. 1: The solid lines show the maximal odd cat state fidelity
as a function of α for annihilation of a single photon (F1,
lower solid curve), annihilation of three photons (F3, upper
solid curve), and annihilation of three photons when β = 0 is
assumed (F β=03 , middle solid curve). The dashed lines are the
corresponding optimal values of r. The dotted lines give the
maximal even cat state fidelity for the squeezed vacuum state
(F0, lower dotted line) and for annihilation of two photons
(F2, upper dotted line)
and
β2 = β2opt ≡
3
7 + 2
√
10
α2. (7)
A second local maximum exists for r and β2 given by Eqs.
(6) and (7) with
√
10 replaced by −√10. The optimized
fidelity and r3 are plotted in Fig. 1. The cat size, at which
the fidelity drops below 0.90, is increased to α = 3.3, and
the requested value of the degree of squeezing is decreased
significantly compared to the case of a single count event.
For α =
√
6 we obtain the fidelity 0.976 for the optimal
squeezing r3 = 0.53 (i.e., 5.1 dB squeezing, which is an
experimentally realistic value [17]).
Figure 2 shows the fidelity as a function of r for β =
βopt and as a function of β for r = r3 for a few values of
α. This illustrates the consequences of small deviations
from the optimal values of the parameters. It is, for
instance, apparent that the parameters leading to 3r +
r2α2−β2 = 0 and thus F3 = 0 differ less from the optimal
parameters for small values of α than for large values of
α, and the obtained fidelity may thus be more sensitive to
small deviations from the optimal parameters for small
values of α, depending on the particular direction of the
change. It is, however, much simpler to generate these
high fidelity, small amplitude cats by subtracting only a
single photon.
The experimental setup is less complicated if β = 0,
and Fig. 1 shows that also in this case the maximal fi-
delity is increased compared to k = 0. For our reference
cat size, |α| = √6, the β = 0 fidelity yields F β=03 = 0.90
3a)
0 0.2 0.4 0.6 0.8 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
r
F 3 α=1
α=2
α=3
α=4
α=5
b)
0 0.5 1 1.5 2 2.5 3 3.5 4
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
β
F 3
α=1 α=2 α=3 α=4 α=5
FIG. 2: Odd cat state fidelity for 2k+1 = 3 (a) as a function
of r for β = βopt and (b) as a function of β for r = r3 for
α = 1, 2, 3, 4, 5. The maximal fidelity is marked with a cross
on each line.
for the squeezing parameter rβ=03 = 0.62 (i.e., 6.3 dB
squeezing).
Similar equations may be derived for even cat states,
and the resulting maximal fidelities are also plotted in
Fig. 1. It is apparent that the maximal odd cat fidelity
following application of the operator Oˆ3, involving three
annihilations, is larger than the maximal even cat state
fidelity following the application of the operator Oˆ2, in-
volving two annihilations, and we thus focus on odd cat
state generation in the next section.
III. EXPERIMENTAL IMPLEMENTATION
The operator Oˆ2k+1 may ideally be implemented as
shown for 2k + 1 = 3 in Fig. 3. The first beam splitter
sends a negligible small fraction of the initial squeezed
vacuum state, generated by the OPO, onto a photo de-
tector, and application of the first annihilation operator
is obtained by conditioning on a photo detection event.
The experiments for 2k + 1 = 1 mentioned in the In-
troduction also use this method. The operator aˆ2 − β2i
can be rewritten as Dˆ−1aˆ (−βi)aˆDˆaˆ(−βi)Dˆ−1aˆ (βi)aˆDˆaˆ(βi),
where Dˆaˆ(βi) = e
βiaˆ
†−β∗
i
aˆ is the field displacement oper-
ator [16], which may be implemented by mixing the state
with a strong coherent state on a beam splitter with a
very small reflectivity [18]. To see this, we imagine a
beam splitter with transmission τ and feed one input
port with a coherent state |φ〉 and the other with an
arbitrary input state with density operator ρˆin. Let aˆ
denote the annihilation operator of the mode occupied
by the input state and bˆ the annihilation operator of the
mode occupied by the coherent state. The action of the
beam splitter is then represented by the unitary operator
Uˆτ = exp
(
i tan−1
(√
1− τ
τ
)(
aˆ†bˆ+ aˆbˆ†
))
, (8)
and, after tracing out the bˆ mode, we obtain the output
state
ρˆout =
1
pi
∫∫
〈γ|Uˆτ |φ〉ρˆin〈φ|Uˆ †τ |γ〉dγrdγi
=
√
τ
aˆ†aˆ
e−ζ
∗φaˆ†+τζφ∗aˆ
∞∑
n=0
1
n!
(1− τ)naˆnρˆin(aˆ†)n
e−ζφ
∗aˆ+τζ∗φaˆ†√τ aˆ
†aˆ
, (9)
where γr ≡ Re(γ), γi ≡ Im(γ), |γ〉 is a coherent state,
and ζ ≡ i
√
(1− τ)/τ . In the limit √1− τ → 0, φ→∞,
and
√
1− τφ→ constant, (9) reduces to
ρˆout = Dˆaˆ(i
√
1− τφ)ρˆinDˆ†aˆ(i
√
1− τφ). (10)
This analysis suggests that we separate a small frac-
tion of the beam for the first single photon detection, we
then displace the remaining field by the appropriate am-
plitude β and extract a fraction of that beam for photo
detection, we subsequently displace the field towards the
opposite amplitude −β and extract again a small fraction
for detection, and finally we apply a displacement to the
remaining field. If all three photo detection events occur,
the resulting state is given by the the desired Oˆ3|sq〉. It is,
however, not very efficient first to displace the state, then
annihilate a photon, and finally displace it back again to
obtain Dˆ−1aˆ (βi)aˆDˆaˆ(βi), and we suggest instead to dis-
place only the small fractions of the field which are sub-
ject to photo detection. The inverse displacements are
then not necessary. If we start with the state ρˆin, sub-
tract a small fraction using a beam splitter with reflectiv-
ity R = 1−T , displace this fraction by the amount i√Rβi
4FIG. 3: Proposed experimental setup for generation of cat
states conditioned on three photo detection events. OPO,
pulsed degenerate optical parametric oscillator; BS, beam
splitter; D, photo detector. Ri ≡ 1 − Ti << 1 is the reflec-
tivity of beam splitter i, and |φ±〉 are input coherent states
with amplitudes φ+ =
√
R2/R4β and φ− = −
√
R3/R5β.
according to the above procedure, annihilate a photon in
the displaced mode bˆ, and trace out the detected mode,
we obtain the state
ρˆout ∝
∞∑
n=0
〈n|bˆDˆbˆ(i
√
Rβi)UˆT |0〉ρˆin〈0|Uˆ †T Dˆ†bˆ(i
√
Rβi)bˆ
†|n〉
(11)
for the transmitted field. For R ≪ 1, we may expand
(11) in orders of R, and to lowest order we find
ρˆout ∝ R(aˆ+ βi)ρin(aˆ† + β∗i ), (12)
which is precisely the desired result.
A drawback of this experimental implementation is
that, in the ideal limit of zero beam splitter reflectivities,
the success probability, i.e., the probability to obtain the
trigger detection events in a given pulse of the setup,
vanishes. It is thus necessary to allow nonzero reflectiv-
ities, but this compromises the desired output (12), as
it effectively induces a loss from the output channel into
the trigger channel. Large cat states are very sensitive to
losses, and, in general, it is necessary to keep losses at an
absolute minimum in order to obtain high fidelity, large
amplitude cat states. To illustrate this point, we imagine
the effect of sending a unit fidelity odd cat state of size
|α| through a beam splitter with reflectivity R = 1 − T .
After the beam splitter the overlap with a cat of size |α|
is decreased to
∞∑
m=0
〈m|〈ψ−cat|UˆT |ψ−cat〉|0〉〈0|〈ψ−cat|Uˆ †T |ψ−cat〉|m〉 =
cosh(R|α|2) sinh2(√T |α|2)
sinh2(|α|2) , (13)
and for |α|2 = 6 and R = 0.01 this expression evaluates
to 0.94. In the following we show that it is possible to
obtain fidelities that are essentially equal to those given
in Fig. 1 and simultaneously obtain acceptable success
probabilities if the standard photo detectors are replaced
by single photon number resolving detectors. The quali-
tative explanation for this for β = 0 is that larger beam
splitter reflectivities are allowable if the detectors are able
to weed out the instances where more than a single pho-
ton are reflected at one of the beam splitters. We note
that, if losses are negligible, a single photon detector may
be built from a large number of unit efficiency photo de-
tectors as explained in [19].
If the photo detectors in Fig. 3 are single photon num-
ber resolving detectors, (11) is replaced by |ψout〉 ∝
〈1|Dˆbˆ(i
√
Rβi)UˆT |0〉|ψin〉, and the conditional, normal-
ized output state following three single photon detections
is
|ψout〉 = 1√
P
〈1|〈1|〈1|Dˆbˆ3(−ir3β)UˆT3
Dˆbˆ2(ir2β)UˆT2 UˆT1 |0〉|0〉|0〉|ψin〉
=
−i√
P
r1r2r3
t1t22t
3
3
e
1
2
(r2
2
+r2
3
)|β|2 exp
((
r22
t2
− r23
)
β∗
t3
aˆ
)
(aˆ2 − t2t23β2 + (t2 − 1)t3βaˆ)aˆ(t3t2t1)aˆ
†aˆ|ψin〉, (14)
where P is the success probability, ri =
√
Ri, ti =
√
Ti,
and bˆ1, bˆ2, and bˆ3 are annihilation operators of the three
detected modes. Due to the exponential factor in aˆ and
the term (t2 − 1)t3βaˆ, the operator acting on the in-
put state |ψin〉 now also includes terms that annihilate
an even number of photons if β 6= 0. For β = 0 and
|ψin〉 = |sq〉, on the other hand, the fidelity is again given
by Eq. (5), except that r is replaced by x ≡ rT1T2T3.
Choosing x = rβ=03 we thus obtain the fidelities given by
the middle solid curve in Fig. 1, and the beam splitter
reflectivities may be chosen in order to maximize the suc-
cess probability (see Eq. (16) below). The results of such
an optimization are shown in Fig. 4, and P β=0 is seen to
be approximately 1.6 · 10−2 for values of α around √6.
Despite the terms annihilating an even number of pho-
tons, the fidelity may be increased by choosing an opti-
mized nonzero value of β2. For β 6= 0 we can get rid of
the exponential factor in (14), if we choose r23 = r
2
2/t2,
and if R2 is not too large, the term (t2− 1)t3βaˆ has little
effect. For r23 = r
2
2/t2 and |ψin〉 = |sq〉 the expression for
the odd cat state fidelity
F3 =
(1− x2)3/2|α|2exRe(α2)
sinh(|α|2) (3x+ x
2(α∗)2 − t2t23β2)
(3x+x2α2−t2t23(β∗)2)
/(
t22t
4
3|β|4−t2t23(β2+(β∗)2)
3x
1− x2
+ (t2 − 1)2t23|β|2
1 + 2x2
1− x2 +
9x2
1− x2 +
15x4
(1 − x2)2
)
. (15)
is almost identical to Eq. (5), but r is replaced by x, β2 is
replaced by t2t
2
3β
2, and an extra term has been added in
the denominator. Since this term will not influence the
fidelity significantly for t2 close to unity, we expect that
it is nearly optimal to choose x and t2t
2
3β
2 in accordance
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FIG. 4: Success probability as a function of α for the setup
with three single photon number resolving trigger detectors
and β = 0. The success probability is maximized under the
constraint x = rβ=03 (see Fig. 1).
with Eqs. (6) and (7), respectively. If we choose T2 such
that the extra term is a factor of 10−3 smaller than the
sum of the rest of the terms in the denominator, the fi-
delity is only decreased by approximately 0.1% compared
to the fidelities represented by the upper solid curve in
Fig. 1. The last parameter T1 may now be chosen in
order to maximize the success probability
P = 〈ψout|ψout〉 = r
2
1r
2
2r
2
3
t21t
4
2t
6
3
e(r
2
2
+r2
3
)|β|2
√
1− r2
1− x2(
t22t
4
3|β|4
x2
1− x2 + (t2 − 1)
2t23|β|2
x2(1 + 2x2)
(1− x2)2
− 2t2t23Re(β2)
3x3
(1− x2)2 +
3x4(3 + 2x2)
(1− x2)3
)
. (16)
The optimal choice for fixed x, T2, and T3 is
T1 =
√
x4 + 8T 22T
2
3 x
2 − x2
2T 22 T
2
3
(17)
(provided (17) leads to valid values of T1 and r), and for
α =
√
6 we find P = 6 · 10−4. The price to pay for the
increase in fidelity is thus a more complicated setup and
a decrease in the success probability, but if the repetition
rate of the experiment is around 106 s−1 (see Ref. [15]),
it is still possible to produce of order 103 cat states per
second.
The protocol suggested in Ref. [11] combines two cat
states of the same size |α| on a beam splitter to obtain
a superposition of a cat state of size
√
2|α| at one of the
output ports and a vacuum state at the other or oppo-
site. A conditional measurement performed on one of the
output beams projects the other beam on the cat state.
With a single amplification, cats of size |α| = √6 can thus
be generated from cats of size |α| = √3 ≈ 1.73. Figure
1 reveals, however, that the maximal fidelity of the cat
states with |α| = √3, generated by subtracting a sin-
gle photon from a squeezed vacuum state, is only 0.93,
and to achieve a higher fidelity one may instead start
from smaller cats with larger fidelity and then amplify
the states multiple times. With a single photon number
resolving detector, the success probability to generate a
cat state of size |α| =
√
3/2 by detecting a single photon
is P = 0.13, and for twofold amplification the probabil-
ity to generate the initial four cat states simultaneously
is thus 3 · 10−4. Since the amplification protocol is it-
self probabilistic, the total success probability is approx-
imately one or two orders of magnitude smaller (see [11]).
IV. CONCLUSION
The use of linear optics combined with measurements
for quantum computing was proposed in [20], where sin-
gle photon states had to be provided as an online re-
source. As pointed out in [6], sufficiently strong coherent
states have several advantages over single photon states,
but for qubit implementation one must have a means to
provide Schro¨dinger cat states of a large enough ampli-
tude to ensure that the two components |α〉 and | − α〉
of the cat state wave function are almost orthogonal.
In this paper we have suggested a protocol that is suit-
able to generate such high fidelity cat states from the out-
put of an OPO. The states are heralded by three joint
photo detection events. Using normal APD photon coun-
ters, high fidelity states may only be obtained with very
small success probability, but with detectors that can dis-
criminate a single photon from higher photon numbers,
we predict quite acceptable production yields of high fi-
delity states.
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